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Abstract:
The present research project aims at examining the possibility of using walls
covered by ﬂexible ﬁlaments as a mean of reducing drag; we ﬁrst study a rigid
canopy ﬂow model that involve several initial parameters. A sensitivity study
using adjoints allows to pinpoint the parameters which inﬂuence the most both
the shape of the proﬁle and integral quantities associated to it. The intrinsic
stability properties of the ﬂow, which result from the model, are analysed with
a linear local stability approach in the temporal framework. A second approach,
based on adjoint stability equations, provides the sensitivity of the eigenvalues
of the stability problem to changes in the ﬂow proﬁle, changes which can arise
from a modiﬁcations of the parameters of the model.
Le projet a pour objectif d'étudier un écoulement autour d'une paroi re-
couverte de ﬁlaments ﬂexibles en vue d'obtenir une réduction de traînée. On
regarde d'abord un modèle de canopée rigide qui comprend un grand nombre de
paramètres. Une étude de sensibilité est menée sur la base d'équations adjointes
pour déterminer les paramètres les plus inﬂuents sur la forme du proﬁl de vitesse
et sur des quantités intégrales. On étudie ensuite la stabilité locale temporelle de
l'écoulement comprenant la canopée et la partie externe. Enﬁn on détermine la
sensibilité des valeurs propres les plus instables associée à une modiﬁcation de
l'écoulement moyen qui provient éventuellement d'une variation des paramètres.
Cette approche est basée sur les équations adjointes de stabilité.
Keywords: sensitivity, adjoint, stability, canopy
1 Introduction
Our research interest covers the modelling of ﬂow over complex surfaces
(compliant, porous, not smooth ...) to investigate possible drag reduction. A
surface covered by an array of rigid cylinders seems to be a good starting problem
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to highlight the parameters which might have the larger eﬀects on the ﬂow over
such a rigid, porous and anisotropic medium.
With the purpose of the coupled ﬂow through and over permeable layers the
mathematical model proposed by Ghisalberti and Nepf [1] has been analysed.
From a set of experiments over a rigid canopy [1] a parametric complex model
has been built using a drag function, a turbulence mixing length model and the
momentum ﬂuid ﬂow equations.
In [4] a simpler model is proposed but the comparison with experimental
data appears to be of lower quality than the initial model. Some more complex
approaches can be found in [5, 6] but we investigate here the ﬁrst parametric
original canopy model [1] because it is build from theoretical equations and
experimental data ﬁtting and because the proﬁle can be rapiditly computed
with some quite good agreement with experimental data.
Since the model is largely based on empirical functions extrapolated from
experimental data a sensitivity analysis has to be performed. The main idea is to
deﬁne a quantity which qualiﬁes the proﬁle. As in boundary layers, an integral
thickness, such as the displacement thickness δ1 may be appropriate and it is
thus set as objective functional. The sensitivity analysis allows to determine
the gradient of this functional with respect to any variable of the model to shed
light on the dependencies and the importance of the choices proposed in [1].
After this study we also analyze the linear stability of the proﬁle based on a
modal approach, and we initiate the study of the sensitivity of the eigenvalues
due to modiﬁcation of the base ﬂow.
2 Canopy parametric model
The ﬂow conﬁguration and notations are deﬁned on ﬁgure 1 (right). The
problem is assumed to be one-dimensional and parallel, the incompressible
boundary layer ﬂow is set in motion by the slope of the ground surface (S).
The contribution of the canopy to the base ﬂow is modelled by a drag coeﬃ-
cient as a function of normal coordinate z with an equilibrium equations written
as :
gS =
∂u′w′
∂z
+
1
2
CD(z)aU(z)
2
(1)
g is the gravity acceleration. u′w′ is the turbulent stress and U(z) is the mean
streamwise velocity. From this equation a complete mathematical model is
derived and detailed in [1]. Here we simply report the main equations to solve
which constitute the constraints of the sensitivity analysis:
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CDC = 1 + 10Re
−2/3, Re = Uhd/ν (2)
U2 − U1
Uh
= (h− z1)ΩCDA η¯1a
(
1− U1
2
Uh
2
)
(3)
η¯1 = f(β¯1); β¯1 =
z1
h
, U1 = u1(z1), U2 = u2(z2) (4)
∆U
Uh
= 1 + 16ad (5)
CDA =
CDC
1.16
(1.16− 9.31ad+ 38.6ad2 − 59.8ad3) (6)
CD(z) = η(β)CDAχ(z) (7)
d
dz
(
du1
dz
)2
=
1
lc
(
1
2
CDau
2
1(z)− gS
)
z1 ≤ z ≤ h (8)
tml = α(h− z1) (9)
lc = 0.22(h− z1) (10)
lac = 0.22 ξ tml (11)
u2(z) = Uh +
2
√
gS
3lac
(
(z2 − h)2 − (z2 − z)2
)
h ≤ z ≤ z2 (12)
U1 =
√
2gS
CD(z1)a
= u1(z1), Uh = u1(h) = u2(h) (13)
In the present work we speciﬁcally introduce an additional equation to im-
pose the continuity of the derivative with respect to z (prime exponent) at the
top of the canopy (z = h) u′(h−) = u′(h+) with a χ function:
χ(z) = 1− e−σ(z−h)z1−h (14)
The canopy is made of small cylinders of height h, of diameter d and a frontal
area per reference volume (density of the cylinder). The problem is divided into
two regions (see ﬁg. 1 right), the ﬁrst one (index 1) inside the canopy and
with the streamwise velocity u1(z) and the second one above it (index 2) with
the velocity u2(z). The drag coeﬃcient CD is set to zero above z = h and is
modelled with several functions inside the canopy. The canopy model begins at
z = z1, under this height the velocity does not change. The turbulence model
is associated with three length tml, lc and lac. In addition, the equation 1 can
be integrated analytically above the canopy to yield u2(z). Finally, a nonlinear
optimization problem with 3 nested Newton iterations is required to solve the
full set of equations.
Figure 1 shows the proﬁle obtained for case H of the reference paper and it is
compared to the experimental data (with error bars). Some small discrepancies
are observed due to the correction made through the χ function to set continuity
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of slope at the canopy interface. Without the χ function our results are in a good
agreement with the integrated proﬁle of the paper by Ghisalberti and Nepf [1]
(not shown here). As you can see from the 1 at z=h, that in this case is 13.8
[cm], the velocity proﬁle is derivable.
Figure 1: Case H from experimental reference [1].The two pictures are not in
the same scale, and the right one is show only to explain the parameters.
3 Sensitivity analysis
We have to deﬁne all the parameters that are taken into account in the
canopy model. The n1 = 20 interdependent parameters are written as compo-
nents of the vector qi while the n2−n1 = 3 functions parameters are written as
Qi(z):
qi = [a, d, h, α, ξ, z1, z2, Uh, U1, U2, lc, lac, η¯1, β1, tml, CDC , CDA , Uh
′, σ, β] (15)
i = 1..n1
Qi = [χ,CD, u1] i = 1 + n1..n2 (16)
In order to study the sensitivity of the model we deﬁne a lagrangian func-
tional:
L = E + L (17)
where E is the reference quantity to analyse. A generic objective function
has the form:
E = 0E +
n1∑
i=1
i
q2i
2
+
n2∑
i=1+n1
i
∫ h
0
Q2i
2
dz
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where E has been chosen to be an integral parameter of the proﬁle. Similarly
to boundary layers, a displacement thickness is proposed as :
E = δ1 =
∫ z2
0
[U2 − u(z)] dz =
∫ h
0
[U2 − u1(z)] dz +
∫ z2
h
[U2 − u2(z)] dz
The weights i are user-dependent and take into account the dimension of the
parameters. Many other choices for E are possible naturally, and corresponding
mathematical expressions can become quite long and complex.
L describes the constraints of the optimization problem. In L are included
the constraint with constant parameters referred as ci and constraints with
functions referred as Ci(z) . Respectively, the Lagrange multipliers associated
to constant and functions are referred as pi or Pi(z):
L =
n1∑
i=1
pici +
∫ h
0
n2∑
i=1+n1
Pi(z)Ci(z) dz (18)
The sensitivity sqi or SQi are determined from the derivatives of the La-
grangian functional with respect to the chosen parameters as
δL = δE =
n1∑
i=1
sqiδqi +
∫ h
0
n2∑
i=1+n1
SQi(z)δQi(z) dz
The variation of the Lagrangian functional with respect to all the parameters
leads to a linear system for the unknown Lagrange multipliers. The full system
is made by 23 rows (number of remaining parameters) and 17 columns (number
of remaining constraints) which can be solved by reduction. The z-dependent
sensitivity functions can be ﬁrst solved analytically and ﬁnally a linear system
is left, i.e.:
∂L
∂qi
= Ai,jpj +
∂E
∂qi
where, for example, the matrix on the right hand side, for i = j = 1, reads:
A1,1 =
∂L
∂a
=
n1∑
i=1
2
p12gS
a2CDA η¯1
− p1d16Uh
− p8CDC
(
3 a2d3(59.8) + 2 ad2(38.6) + d(−9.3))+
+ p10
((
1− U1
2
Uh
2
)
(h− z1)ΩCDA η¯1 − 2 (ad16 + 1)d16
)
+
+
∫ h
0
p17(z)CD(z)u1
2(z)
lc
2 dz (19)
In the previous equation the function p17(z) is the adjoint of the velocity
proﬁle, and it is the solution of the adjoint equation with homogeneous boundary
condition:
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−2 d
dz
(
du1(z)
dz
dp17(z)
dz
)
− p17(z)CD(z) au1(z)
l2c
= h (20)
To get a well posed problem with a square invertible matrix, some parameters
have to be assumed constant, and the corresponding sensitivities vanish.
In the next part we focus on the sensitivities associated to the following four
parameters : a the frontal area of the canopy per unit volume, d the cylinder
diameter, h the height of the canopy and α the fraction of the shear layer
that lies within the canopy. A second analysis was done assuming α constant
and by adding the sensitivity to the parameters ξ. It allows to verify how the
sensitivity of a, d and h can change when we select diﬀerent parameters to solve
the system. To compare sensitivity which are deﬁned with diﬀerent unit, we
deﬁne the relative error as:
∆E
E
= sqi
qi
E
∆qi
qi
We arbitrarily set ∆qi/qi = 1 = rqi .
∆E
E
ra -9.22 %
rd 5.71%
rh -0.0583 %
rα 3.89 %
rξ 0
∆E
E
ra -9.32 %
rd 5.79 %
rh -0.059 %
rα 0
rξ -0.164 %
Table 1: Relative error table from two analysis.
As ﬁrst conclusion, the results show that the parametric model is sensitive
to the inputs a and d which are geometrical parameters of the canopy. The
model appears to not be very sensitive to α and ξ which are parameters related
at the mixing length theory. This analysis can be improved by other tests and
by performing further sensitivity analyses.
4 Linear Stability Analysis
The temporal linear stability analysis is based on the classical formulation
in terms of normal velocity, and a decomposition in normal modes that reads:
w(x, y, z, t) = w˜(z)ei(kx x−ω t)
with kx the real streamwise wave number and ω a complex number where
the real part is a frequency and the imaginary part a growth rate. The de-
composition of the ﬂow ﬁeld with a mean ﬂow (the previous proﬁle U(z)) and
the perturbation w(z) leads to the well know Orr-Sommerfeld equation, where
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either D2 or the double ' indicate the second derivative with respect to the
normal direction z:
[
(−iω + ikxU)(D2 − k2x)− ikxU ′′ −
1
Re
(D2 − k2x)2
]
w˜ = 0, Re =
Uhd
ν
ω is an eigenvalue for temporal stability and w˜ is an eigenfunction. The
eigenvalue problem is solved with Matlab where the OS equation is discretized
using a spectral scheme with Chebyshev polynomials (size N) and a mapping
between the semi-inﬁnite and the spectral domain [7].
The spectrum is shown in ﬁgure 2. The more unstable mode is shown with a
red dot in the ﬁgure and the corresponding eigenfunctions are plotted in ﬁgure
3.
Figure 2: The spectrum from case H proﬁle, Re = 360, kx = 0.05, N = 60.
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Figure 3: u and w perturbation velocity proﬁles of the most unstable eigenmode.
Both the vertical and the horizontal velocity have a maximum in correspon-
dence of the inﬂection point of the canopy ﬂow, typical of an instability of
inﬂectional nature.
5 Sensitivity to variations in the mean ﬂow
Since we have seen that some variations or errors of the input parameters
can change the shape of the mean ﬂow, it is interesting to compute the variation
of the spectrum due to changes of the mean ﬂow.
Following the work presented in [3] we determine the function named Gu
which measures the sensitivity of the eigenvalues to changes in the mean ﬂow
proﬁle.
c =
ω
α
, δc =
∫ ∞
0
Gu
K
δU dz
Gu = w∗(D2 − kx2)w˜ − (w∗w˜)′′
The quantity w∗ is the adjoint eigenfunction related to w˜, and the overline
means complex conjugate. The constant K can be computed from integration of
the eigenfunction w˜ (see [3]). The adjoint function is the solution of the adjoint
Orr-Sommerfeld equation, see [2] and [3] for details.
The real and imaginary part of the function Gu are plotted in ﬁgure 4 and
it can be seen that the variation of Gu are correlated to the derivative of the
mean ﬂow, and therefore with its stability properties. Let us further note that
the second derivative is ﬁltered by a gaussian function before its use in the OS
equation.
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Figure 4: Sensitivity function for the case presented in section 4 next to the
ﬁrst and the second derivative of the base ﬂow proﬁle.
5 Conclusion
A sensitivity model of a canopy ﬂow has been derived and some preliminary
conclusions have been drawn. The variation of geometrical parameters can lead
to large variations of the mean ﬂow, as compared to variations of some constants
in the turbulence model which appear to have a minor inﬂuence.
The linear stability analysis suggests that the canopy proﬁle is highly unsta-
ble due to the inﬂexion point at the boundary of the canopy. This statement
must however be tempered by the fact that in the present analysis the drag force
within the canopy has been neglected. The sensitivity of the eigenvalues with
respect to mean ﬂow variations has been computed and supports the signiﬁcance
of inﬂection points in deﬁning the instability. The next step will be to couple
the sensitivity of the model parameters to that of the eigenvalue (perturbation
growth rate and wave number) with respect to the mean ﬂow changes.
δqi −→ δU −→ δc
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